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Conclusion: SGD’s stochastic noise allows global optimization of nonconvex functions.

I . Explicit Graduated Optimization IT. SGD’s smoothing property Il. Implicit Graduated Optimization

>Graduated Optimization is a global optimization [>Unlike gradient descent (GD), stochastic gradient  pefinition 2 (new o -nice function).
technique that optimizes a sequence of functions descent (SGD) processes only b data points simult- g1 tion £: RY —s Ris said to be “new o-nice” if
smoothed by progressively smaller noise in order. aneously, so there is stochastic noise at each time: he followi ditions hold:

I>Smoothing of a function is achieved by convolving we =V fs,(x¢) = V(@) the following conditions hold:

the function with a random variable that follows a ~ [>At time ¢, let Y+ be the parameter updated by GD (i) For all m e [M], there exist s, € R With [6m1] := 70|

. . . . . . . . *
normal distribution or a uniform distribution. and ¢+ 1be the parameter updated by SGD, i.e., and z;,, such that ngm = @5, || < 10| = |Gma-
Definition 1 (Smoothed function). Y =2 — NV f(xt), 1 =2 — NV [s,(T1). (i) For all m € [M] and all v € (0,1), there exist4,, € R
Given a function f, define fs to be the function obta- —nVG]?(:c ) Ty with |s,,.,.[ := 7,./6,,/ and d,, > 1 such that the func-
ined by smoothing f as y SGD tion f;, (x)is o-strongly convex on N (x*; d,, | |)-
f5 (CC) = EUNB(O;l) [f(w — (S’U/)] 9 Optimal solution With‘/t _nvat (mt) Algorithm 3 Implicit Graduated Optimization with SGD Algorithm 2 Gradient Descent
. g Require: ¢, z; € B(z} ;301),m > 0,b; € [n],7 > 0.5 - () 7
where § € R represents the degree of smoothing and sharp neighborhood " 70, edulres ¢ @1 € B(h,; 800 m > 0,01 € Iy Require: T;,, &, f5,.,1 > 0
. . . ] . Y by = ?k—],ao =N\ G755 Vaoan , M :=log, age fort(:) 1to 1(",,;)d0 R
u is a random variable distributed uniformly over Eu- Tit1 form = 1to M + 1do &7y =& — 1V, (@)
3 . if m # M + 1 then end for
clidean closed ball B(0; 1) . >Then, the following holds: em = 0% /2, T i= Hyp/em return &7,
o r Fm/VAm = (Fm € (0,1], A, > 1)
— 0 Ew, [Yt+1] = Eo, [ys] — an§ (yt), end i )
— Ax) with6=o0. . . /b . Tmi1 = GD(Tom, T, fs,,m)
:‘58 weme where C?is the variance of stochastic gradient. Tas = Ko ot 2 N
fo =0. e e . .. . Sy = IpiS
— fix)with6=07 DThergfore, .Optll’anIIlg th.e (?b.]ECt.IVE function f by end for "\ Decrease the degree of smoothing by decreasing
— KX with6=1.0 SGD is equivalent to optimizing its smoothed vers-  returnzy» the learning rate and increasing the batch size
— fsbdwith 6=3.0 ion f.c by GD in the sense of expectation. Theorem 2 (Convergence Analysis of Algorithm 3).
> Rastrigin’s function >From tbhe same discussion for stochastic noise of Let f be a new o-nice function. Suppose that we apply Algorithm 3; after
f(z) = 2% — 10 cos(27z) + 10 ; _ 0(1/€) rounds. Then, the algorithm reaches an €-neighborhood of the
SGD with momentum (NSHB), the degrees of smo global optimal solution o
1 i ‘ i ! ‘ othing by stochastic noise of SGD and NSHB are as Training ResNet1 on the CIFAR100 dataset
=2 0 1 2 3 follows: 70 N
Algorithm 1 Explicit Graduated Optimization ~Algorithm 2 Gradient Descent 58 Gp 22 5N SHB __ 1 072 g 65 — :r)\?yStI?r(‘jte I 1 E
Require: 6 >0,MeNz; € R? Require: T},, ﬁ%’”% fd > 0 - 77 b I - "7 1 _ ﬂ b . E —— only momentum decayed c
forﬁm —1to M +1do fort — 1 to Tm do " < 60 : Ir decayted a;\d b?,tc; siz:l;n:r:as.ed. alox g
f5,,(®) := Bunp(on) [f (T — u)] (™) = &™) _ v i g M aecayed and momentum decayed 18
;m N GD(wi(,Of%s)m) en:tfﬁ' & — Vs, () \Mﬁs] large large small large gSS Ldsceyeg o S deceved E
Smt1 = O /2 return 35", | ' NEhdla) g § 50 0o 5
end for S g '
return T/ 2 ! ON(z* do|0a]) 43 0.002 =
* Snm . n L .
Step 1. prepare smoothed ful’lCtiOl’l. degree T(f{;nloolhmg learm;nlgrate batcll-;slze moment;m factor 40 3 S % 30 o0 20

Step 2. optimize smoothed function.
Step 3. update the degree of smoothing.

>Since computing the integral of the empirical loss
function is not easy, applying this algorithm to the
training of DNNSs is not practical.

epoch

>Hence, common technique such as decreasing learn-
ing rate or momentum factor and increasing batch

0 small Jarge small size actually contribute to the global optimization of
the nonconvex objective function!




