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Ⅰ. Explicit Graduated Optimization Ⅱ. SGD’s smoothing property Ⅲ. Implicit Graduated Optimization
▷Graduated Optimization is a global optimization 

technique that optimizes a sequence of functions 
smoothed by progressively smaller noise in order.

▷Smoothing of a function is achieved by convolving 
the function with a random variable that follows a 
normal distribution or a uniform distribution.
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!t := rfSt(xt)�rf(xt)

Conclusion: SGD’s stochastic noise allows global optimization of nonconvex functions.

Definition 1 (Smoothed function). 
Given a function    , define      to be the function obta-
ined by smoothing    as

where              represents the degree of smoothing and 
is a random variable distributed uniformly over Eu-

clidean closed ball              .
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f(x) = x2 � 10 cos(2⇡x) + 10

▷Rastrigin’s function

Step 1. prepare smoothed function. 
Step 2. optimize smoothed function. 
Step 3. update the degree of smoothing. 
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▷Since computing the integral of the empirical loss 
function is not easy, applying this algorithm to the 
training of DNNs is not practical.

Definition 2 (new    -nice function).
A function                      is said to be ‘‘new    -nice’’ if 
the following conditions hold:
(i)  For all               , there exist             with  

and         such that
(ii) For all                and all                    , there exist

with                        and             such that the func-
tion             is    -strongly convex on                           . 
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yt := xt � ⌘rf(xt), xt+1 := xt � ⌘rfSt(xt).

▷At time   , let      be the parameter updated by GD 
and          be the parameter updated by SGD, i.e., 
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▷Unlike gradient descent (GD), stochastic gradient   
descent (SGD) processes only    data points simult-
aneously, so there is stochastic noise at each time:
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▷Hence, common technique such as decreasing learn-
ing rate or momentum factor and increasing batch   
size actually contribute to the global optimization of 
the nonconvex objective function!

Decrease the degree of smoothing by decreasing 
the learning rate and increasing the batch size

Theorem 2 (Convergence Analysis of Algorithm 3).  
Let    be a new    -nice function. Suppose that we apply Algorithm 3; after

rounds. Then, the algorithm reaches an    -neighborhood of the    
global optimal solution    .
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▷Then, the following holds:

where       is the variance of stochastic gradient.
▷Therefore, optimizing the objective function     by  

SGD is equivalent to optimizing its smoothed vers-
ion        by GD in the sense of expectation. 

▷From the same discussion for stochastic noise of    
SGD with momentum (NSHB), the degrees of smo-
othing by stochastic noise of SGD and NSHB are as 
follows:
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