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£l : ABR & DB

>T(z) = 2%~ 2 2B T DAE
ex.) T(z) =2z DAERIE, 2 =0
>ERT: R? — R LipschitziEf 513%1“37)% &,
3L > 0,Vz,y € R : ||T(z) — T(y)|| < L]z - y|
DERVYIZID2Z E%\WS ., L #LipschitzEZiEé v,
>BI&RT: RY - RUHENEGTH S &I,
L € (0,1),V,y € R?: |T(x) — T(y)|| < L||z — y|
NP A EVAS PR RS
ex) T(2) = 1= REBINEHR, 17610 -

= (fixed point) &L 5,
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5= . DNN®O%&) - backward pass

Step 4. A2z AFT 5
f\ /\ D?ﬁiﬁﬁ?ﬁiﬁﬂﬁwwNﬁ'Tﬁiﬁﬁ"“\ig
SR 0.5 _ 1 Y a2
ot 4 $(0 3) (0,3) = 3 lfola) ~vi
NGO f 0.2 — -
V. / e EFLOMHL <EHEE>
Jolm) €R | smstspimimat-0izlE, £TDIE
o0V e o) e DHEHZEELTHELDELH S

>EHB R E S CEEEEEE) /

33(9,.’131) - 36(9}:1’:1) ' 3f9(i1’31) _ 3h3 ' ahg _ 3"&1
39(1) B 3f9($1) 3h3 3h2 3"&1 39(1)

Step 5. BERBRBA#MOFEL GEMRE(LHRE)
> FER ) 2 B2p% T (SGD) oD . g _ 9401, 2)
>Adam, AddamWEDEBHEE 96"
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= . weight-tied models
>“deeper is better”. ERE DnetworkzER T BH7-HIC(F?

NN NT
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>EBTHLBEODEA%ZES TTI
>Trellis Network [1]

[1] S. Bai, ]. Z. Kolter, and V. Koltun,
“Trellis networks for sequence modeling”, ICLR2019

LN 4‘w\./ 5y >Universal Transformer [2]
/// \\\ /// \\\ /// \\\ [2] M. Dehghani, S. Gouws, O. Vinyals, J. Uszkoreit,
\_/ \_/ and L. Kaiser, “Universal Transformers”, ICLR2019
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5 & : Deep Equilibrium Models(DEQ) 5.

>EkIEDAS & HHDebREZ &R L 7= R.

| fo(zk) — zk|| Trellis Network

102 - TrellisNet (Seq. Length=800)
: TrellisNet (Seq. Length=400)

10t TrellisNet (Seq. Length=200)
100 TrellisNet (Seq. Length=100)
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[3] S. Bai, J. Z. Kolter, and V. Koltun, “Deep equilibrium models”, NeurIPS2019 (Figure 4)
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: DEQ®DZ#) - forward pass

Step 2. ET L%

IELTHA%ZES
B = R=E ‘
z = fo(z; ) Banach® A8 sk LlE
& FBRALE TR zk+1 = fo(zk;T)
(z:) — 2| -
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Deep Equilibrium Model
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>BNZRISE (,.(0,x) =

ETFILOHAL
fe(iﬂl) - Rc

3 fol:) - will?

2

D?nzlybne—ﬁi
Ez* (9,.’13) = — = Zlog fﬂ(mz)c



B = . DEQ®DOEE) - backward pass

Step 4. AL Z AF T3 EESERIIELLEW/EZKW)

rﬁadwmifatxafﬂ%?‘(%i .(0) fe(2*; )
z* *\\— o255
80 3z* A

o

ARYIID, Z0EEHETZOREMEDT, BALROHEREBLTRD 3,
oy 0€2+(0)
X (- Jpy(z) ~ 2 =0
CDORBERIIROAEARELFMTH S, , (0
x = T'(x) under T'(x) :=xJg,(2*) + 0 g;g )
".DEQl&forward pass & backward passTELZ23220D AT AMEZELTWS |
Step 5. RERIBLABEHOREL GEMBRBEILRERE)

> B A9 B BRE % (SGD) o g 0l (0,2)
>Adam, AdamWZ 0 EGHE % tH1-= Yt =5,




B - DEQDFFE

CIFAR-10 (w/ data augmentation)

DEQIZE=EAENRD Z LK,

FPRE DnetworkZ=EIHL TWL 3,

32 -"1 >ExplicitGBEFETILE BB L ¢,
RE i

10 1.4 - ¢ 3

Y3 10 62 _] d- > H

1LESIAEYVIZLED/INTG A —R57121F
2. REUEELEVWDT, PRIEDHA

Memory (GB) or_Relative Ruuntirﬁe

0 I . I

ResNet-101 DenseNet-121  |MDEQ ZIRIFLTELSHDESL L
(Benchmarked o ut Batch Size 32)
M Error (%) Metmory (GB) o I;untlme (relative to ResNet-101) &;g! EH
>R z B N
TAF 1. Backward passhhEL
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I 77—
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[4] S. Bai, V. Koltun and J. Z. Kolter, “Multiscale Deep Equilibrium Models”, NeurIPS2020 (Figure 4(b))
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>DEQDERIEADERE : Gl #w

DEQ / 18-layer Transformer DEQ /70-layer TrellisNet
Training Inference Training Inference

2.82% 1.76 % 2.40x 1.64x

[3] S. Bai, J. Z. Kolter, and V. Koltun, “Deep equilibrium models”, NeurIPS2019 (Table 4)

AL Forward passDAE) = [HE
1. (GRE¥{=iE & b L T)Backward passh® & z = fo(z; )
=W DDERITHARSH . L
2. FENEREANNE LAV <2 b bOBAEA> ] Jo BENERESIRET B
> ERRIERDoptimizerd RERIZ T, REIRsolverdREREIZT5 1233 L T,
HEEIXTO(TWT)Eh 3.

=forward passDARENEREVIERTH LIS, ETAMT—FTI9F v %
BEITNIE, SHEILTZESDTIE?



Multiscale DEQ(MDEQ) 10,26

Input data

y fo(z@)

N e R Fusi A ( N ) A Model output
R (o ] —> —> 21 | [1,;8;12? fl)—bzl—b —> 21— —Zi z* = [zi" .. ’z:’]
( N\ - : N Solve Calculate empirical loss
#2777 Residual | 22 \ > F[is;,g? fz 227 post [ *277(1) with — 23 £z 1(9)
Block \V — Fusion fixed- Solve (4) with
) . La{er . Sp o(igétr . fixed-point solver
The tuple of i f f to obtain gradients
7 hidden states: A Fusion -~ ~ _ *
zn—b — 2, — 2 =P — 2, —>Z. o
> = [zl’ L ’zn] _ Layer f'nj - Optimize £« (9)
with SGD or Adam
MDEQ Architecture [Bai et al., 2020]
(3, = fi(z) = GN(ReLU(z%- + GN(Drop(Conv(ReLU(GN(Conv(z;)))))))) (Ml)
$ z@—f@(z@ = z:z—l—Z:Du(zz ) + Z U, (2 (MQ)
Jj=1+1
= fi(%) = GN(Conv(ReLU(zi))) (M3)

for=fofof



FEEDLipschitzE# - IEFR1E
>RE—LER—L, $EERESEBLHICEAENS,

z ¢ R

Group Normalization

Zp — Mz

O P 6

Mean-Only Group Normalization

1

Vo2 + €
, 1

- B MGN(2); =v(2zi — p2) + 8

et U, pei= o D m 02 =2 3 (= p)® Ty, B € RIZPTARER /AT XA — R,

i€(d|

LipschitzZE#1 (3,

i€(d]

LipschitzZE#1 (3,

Lyven < ||




FEEDLipschitzZE# - ;EIELEAEL 1226
SIEBTMEMR T, RENERLSCBLDIHD.

Activati
z € R4 ﬂf:?&lga—:?gd j>f(z)eRd

RelLU Scaled-RelLU
ReLU(z); := max{0, z; } SReLU(z); := max{0, az;}
t 7=72L, ac(0,1],

/

LipschitzZE#1 (3, LipschitzZE# (3,
Lreru =1 Lgreru = a




FZEBEDLipschitzEZ - BAHIAH
> BT — 25 SHERIHREHET 70155,

z € R? j>‘f;1§§1R*j>f(z)ER*

Convolution
Conv(z) =Wz +b
=1L, W € R**? 3B HAHH—3 LT, b e R* g4 7 RIA,

LipschitzZE#1 13,
Lcone = ||W]|2

L7=D>T, WO/ ILLZEINTG A —=ZXcTHIFITNIT,
LCGHV* = C



FBEDLipschitzZE# - PostFusion 14,2

fo(z;x
'Ip data _ /—R ( ’ ) T Model output
B U Z1— — 21 —2] 2" = [27,...,2}]
Calculate empirical loss
29— — Z Solve | £.+(0)
. Z*
2 Residual 2 (%) W(lith 2 :
Block ;’;‘fm Solve (4) with
~ solver fixed-point solver
The tuple of ~ f to obtain gradients
7 hidden states: - * !
Zn—r —Zn —Z, L.
z:=z1,...,2a] L < Optimize £, (8)
with SGD or Adam
<MDEQ®O = >

<BR#EDOIH>

LipschitzZE# 14,

L = LyieNLconv* LsReLU



ZBEDLipschitzE# - dropout
> BEBEE T8 I Eh B,

D t
z € R? j>‘ ;. ﬂézpi”w j> f(z) € RY

Variational Dropout [5]

1
Drop(z) := mQo®z
p(2) =7 ;
f=72L, p € (0,1) IXdropout rate T, 0.05%°0.3% &EHFEHhN 3.
m ~ Bernoulli(p) 3% 27 T, EERIIHERpTO, #R1-pTl,

LipschitzE# (3,

7 1
Drop —
1— P [5] Y. Gal and Z. Ghahramani, “A theoretically grounded application
of dropout in recurrent neural networks”, NeurIPS2016



F.EEDLipschitzZE# - E=iER

‘EAELBWESICT B9

~inl

>HEEDHKRZHE, BERATH R
DEHNLET I = 7[6].

FRE & ek &
“ j>‘:’1,:]Rd—>11%‘5‘! j>+ f(2) zj>‘h’;Rd_>Rdj>(1_“)z+@f(z)

<ANZRITEIT>

==L, o € (0,1),

LipschitzZE#4 (3, LipschitzZE# (3,
Ly,=1+4L; Ly =(1—-a)+alLy
HZIE,a=05D¢ =,
Ly =05+ 0.5L¢

[6] K. He, X. Zhang, S. Ren, and J. Sun, “Deep Residual Learning for Image Recognition”, CVPR2016



%:AE-@LIDSChItZ # - Residual Block 175

nput data —\ N Model output
—Z ] — — 21— 2f b2 = z],..., 2]
Calculate empirical loss
3 = Solve " 0, (0)
Residual T PO_St T (1.) with ™ %2 ) ‘
Block FIEQ? f;ﬁ?ﬂt Solve (4) with
A - solver fixed-point solver
The tuple of . f f to obtain gradients
n hu[iden states: ] —Z — —Z,— — 2 Obtimi Y 0..(8)
Zi=|21,...,2p — ptimize £~
1 — e — with SGD or Adam
<MDEQ®D = >
2 = fi(z;) := GN(ReLU(z; + GN(Drop(Conv(ReLU(GN(Conv(z;))))))))
<WREDI >
5. = fi(zi) := MGN(SReLU((1 — 1)z + a1 MGN(Drop(Conv* (SReLU(MGN(Conv*(2;)))))))
Llpschltzm;& 1,

— (1 T al)LMGNLSRELU _l_ I(}fl-l-/ GNLCDH?* L%RELULDFDP



=] E@LIDSChItZ 34 - fusion layer 18

fo(z,z
4- Ipt data — 4 N SR ) Model output
7 T 21— — 21— —2z] F2* = [2},..., 2]
Calculate empirical loss
| 5 Solve |, ¢,-(0)
#27| Residual Post 2| with ™2 y
i fixed-
Block Fﬁ”‘lon . e Solve (4) with
ayer . point : .
" . . solver ) fixed-point solver
The tuple of - f f to obtain gradients
70 hidden states: _ * !
[z P ] Zn= "Mk " *n Optimize £+« (6)
Z = |Z1,...92n| L \ ) \ ) \ ) = z*
’ ’ with SGD or Adam

MDEQ Architecture [Bai et al., 2020]
5 = fi(z;) = GN(ReLU(z:z + GN(Drop(Conv(ReLU(GN(Conv(z;)))))))) (Ml)




BFBE d)Llpschltz ¥4 - fusion layer 19

RSmall S En

% = I+Zm+ > Uiz

zhE% j=1 downsample j—;41




FiBHEDLipschitzZE# - downsample  20.s
>REVRTHD NS VRTEANERT 2EE.

hi(z) := GN(Conv(z)), hy(z) := ReLU(GN(Conv(z)))
tHL¢L, o
D’i:j .= hl O h;_“?_l
THIT3B. L7=H">T, Lipschitz MDEQIZH W T, LipschitzEZlS,

ij i1
LDDWH — LMGNLCGHV* (LSRELULMGNLCDnv*)i /

& TZED,



ZiBEDLipschitzE#{ - upsample

SINSWRITTHD DO RKEZEWVWRITALET 3/EE.

> =R (Nearest neighbor interpolation)

EEEE
c RHKW :>‘Up: ;Hgsﬂ?nlrli;;mw jl> ==.. c RSH}(tW
R

-72L, s,t ENFRr—NT7 749 2—T, MDEQICHEWTIE &L 5 3 gleveldiff
BIZIE, 23 > 21D & &, level diff = 2,

L7-b'> T, LipschitzzE#l3,
L‘Ej}'} — ”St — 2leve1_diff — 23—‘1




2229

1—1 n
Zi=fi(g) =4+ )Y Dij(Z)+ > Uij(2) <MDEQ® >
j=1 j=i+1
EEERTMGESICEZTRAT,
LipschitzZE#HAKZEL BV TELHWVWESICT 3.

zZ; = ﬁ(.ﬁl) (1 — CEQ)ZZ + Qo (Z DZJ(Z?,) -+ Z Uw(zz )

j=t+1

Upsample;BE dDLipschitzZE# I3 TR K T8.
KEWVWKIZFEEADNSKEDELHIBEAMTZEFITZ & > THLT 5.

1—1 T
= fi(2:) == (1 — a2)Zi + (sz‘jDz‘,j(fi)Jr > w?:ij:,j(f’fz')) <MREOX>
=1 =1+4+1
Llpschltzm;&ti, ’ T

L; = \/1—052 —I—CEEZ’LU L;ifse

J#1



Lipschitz MDEQ 232

y fo(z;x)

Input data

— 21—

—th—h

_ : 2 Y
Z1— _,21 Fusion -~ _,_21_,
L Layer fl_)
\\AK ™
— > 5 Fusion ~ (=3, —
#2 ™" Residual 2 \ Layer fo 2 Post
Block \ 4 Fusion
' Layer
The tuple of JE JF
hidden states: ; i ~
'Tf. 1dden states zn_.’ 5. F}_flon f J—"Zﬂ—*
z:=[z1,...,2,] L | ) ver Jn | .

Lipschitz-MDEQ Architecture (ours)
rf”z‘ = fz(z,,) =

Z = fi(Z) =

o

j=i+1

fi(z:) =

\ 27 —

MGN(Conv* (SRBLU(Zi)))

'SR

Solve
(1) with
fixed-
point
solver

(1 — a2)zz + o szj i j(zz) + Z Wi 4 1j(zz)

* |

Model output
= [27],...,2)]

Calculate empirical loss
£, (6)
¢
Solve (4) with
fixed-point solver
to obtain gradients

-

l::e

MGN(SReLU((1 — a1)2z; + ag MGN(Drop(Conv* (SReLU(MGN(Conv*(2;))))))))

Optimize £,+(0)
with SGD or Adam

(L1)
(L2)
(L3)



LipschitzZEZ{ D& H

>Forward passDREN R B fold, 32070y 7 DEREGKLEDT,

fo DLipschitzE# 1,

=E\/Z i2r

i€ [n]

& TE ‘79-,.. &7 0y 7DLipschitzEHIIUT TCERINTWLS,

3 2 2
= (1 — a1)LmaNLsreru + a1 LyianLGony Lsrer,u LDrop

L= \/(1 —az)?+ a3 Y (wijLg,)?

JFe

LMGNLCDHV LSRBLU
> 213,
LSRELU = 035, LCDIW* = 20; LMGN = 105 1 — 05, Qo — 03; n = 4}}9 = 0.3
SRETNE, L=0.86& %~ T, foldiEN Bk LB,



Backward passDOAE) =Nk
>forward passiZIRN BBk fo i/ NE&HRICT H I LD TE L.

>FHbb, foDLipschitzEE Leorwara = sup || 5, (2)]|2 IE1KH.
zeZX

>—75, backward pass TN B4R E = EIREL,

X = T(X) under T(X) = Xer (Z*) + 335;29)

ERTDLipschitzE€#13, Loack = [|J7, (2%)|2 &5 3.

Lyack = || (2%)||2 < sup || Jf, (2)]|2 = Ltorward
zEeZX

H o, forward passDEF{HFHENEREL o IX, backward passd
EgbiaNMNERICES.




BIEEER - FESIROBEMEGIE) 262

Forward pass Backward pass
— 1] ‘ _
E ? +0 ‘u.,r"" 4 ~EQLWM-"JWI~' T ?
S[S 1072 <[E
= = : =T
= 1073 —
© § g
S 1074, =
Q 10_5'; —
v § >
> 10-6 . W"W -5
+ ] (O
L 5 I,
z 0 <« =
0 40 80 120 160 200 0 40 80 120 160 200
Training epochs Training epochs
— MDEQ —— Lipschitz MDEQ (L=14.43) —— Lipschitz MDEQ (L=0.03)

MDEQ+JR —— Lipschitz MDEQ (L=1.0)



UEX"

Train forward

Train backward

Test forward

Model and method Size Speed
NFEs Time (ms) NFEs Time (ms) NFEs Time (ms)
MDEQ 10M  1.0x 93.23 17.9 217 20 291 18.0 63.9
MDEQ + JR 10M 2.22x 91.86 7.0 74.8 8.0 97.8 7.0 39.2
MDEQ + PG 1I0M 141x  92.92 15.6 220 — 87.6 18.0 63.9
MDEQ + JFB 1I0M 2.84x  &88.13 123 142 - 30.6 11.3 44.3
Lipschitz MDEQ (L =14.43) 10M 1.28x 93.73 16.0 187 19.9 193 15.5 54.1
Lipschitz MDEQ (L = 1.0) 1I0M 333x 91.44 5.4 75.7 2.9 52.9 4.8 22.6
Lipschitz MDEQ (L = 0.03) 10M 4.75x  90.47 2.0 44.0 2.0 42.1 2.0 13.3
>{F#k . Backward passziiE L TeR{bd 5 5EiTR

>Phantom Gradient [Geng et al., (NeurIPS 2021)]
L USE L DT VBB 5| fo(z

—2*|? DB ETRET % FiE.
>Jacobian Free Backpropagatlon [Fung et al., (AAAI 2022)]

0L..(0) ae,,,*

00

8f9(z*; x)

|(I o (2%))

00

ZDET 2 EFBERITE#RT 5 KIELELL



MIEER - BELBRONL—F+7 28

03 = -4.5%x
| 4.0x D

- . x
> 93.0 0
® s F3.5x =
O | —®— Accuracy - L
-3.0X =2
5 92.01 —=— Speedup o
E I ' - D
£ 91.5- Contractive region 2.5% =
= ),
91.0 1 -2.0% 8_
7

90.5 - FLoX

003 010 040 100 400 10.00
Lipschitz constant upper bound L



>AESZFAT 5 TETII : Deep Equilibrium Models% #87 L 7-.
Dl)ﬁ'ﬁd)/\7)‘ — X CEEEDnetworkxEHRTE 3.
>EREFEEZELE L,
>RFr: S4EE - A AXEY
>FGFR - EB{EE

>Multiscale DEQ®DEZRAR : Lipschitz Multiscale DEQ#% 2% L 7-.

— XTI F v 2BRTHREEZHRRL THENEGLTH2770—F,
>Forward pass & backward passDili 5 D ARE) FYUKR = HimHI ICIRFETE 5.
>AEN SR HESI N, ZKATHED SR ZERK L 7=,
>LipschitzZE# I /A /13— /8F XA — 2 DPHEHH THREAEE.
>LipschitzE#zZtsE 5L, BELEITHEDINL—FF7HhRoN S,

>EERE - AXEY - ER(ER) BETIVOEREA !




1% : ®EF VDR HE

Transformer
(NeurlPS2017)

SSM
(ICLR2022)

HRNet
(TPAMI2020)

ResNet
(CVPR2016)

GNN
(IEEE Trans. Neural
Netw. 2009)

Explicit models
(SH2HIDETIV)

DEQ-Transformer
(NeurlPS2019)

Implicit SSM
(ICML2025)

Multiscale-DEQ + i¥REIRE% A0y ICH&L W o
(NeurlPS2020) (e.g. Ef&DET// 1 XBEE)

DEQ
(FE) ERIE DR
xES)

<EEMBRX R >

<EHRNIB L X &>

(NeurlPS2018)

(W HER
DIREES)

Neural ODE

Implicit GNN
(NeurlPS2020)

(ICML2017)

Differentiable
optimization
layers

OptNet

<Z Dfth>

Implicit models / Implicit layers
(HZRBECEBEOREEZEAICTZETIV)



{7§% : Ablation study

Model and method Size Speed Acc. Train forward Train backward Test forward
NFEs Time (ms) NFEs Time (ms) NFEs Time (ms)
MDEQ 10M 1.0x 93.23 17.9 217 20 291 18.0 63.9
Lipschitz MDEQ (L = 1.0) 10M  3.33x 91.44 5.4 75.7 2.9 52.9 4.8 22.6
(S1) Lipschitz MDEQ - MGN clip 10M 2.81x  91.99 6.4 90.5 4.7 65.3 5.7 25.2

(S2) Lipschitz MDEQ - MGN 1I0M  0.95x  92.78 18.0 225 20.0 296 18.0 72.9
(S3) Lipschitz MDEQ - Conv* 10M  3.42x 91.94 3.8 61.4 5.6 73.0 3.7 19.0
(S4) Lipschitz MDEQ - softmax 1I0M 3.41x  91.29 5.4 76.5 2.8 48.2 4.9 20.6
(S5) Lipschitz MDEQ - a; 10M  2.72x  92.35 6.6 90.9 0.9 71.9 6.0 25.9
(S6) Lipschitz MDEQ - a2 10M  1.64x  92.73 9.7 120 18.9 179 9.8 33.2
(S7) Lipschitz MDEQ - a1, as 10M 1.37x 93.35 14.5 169 19.6 184 14.5 45.4




(T8 : BINTA—RDRE

> fg DLipschitzE#LIE, BEEODLipschitzZE#ICEKEFEL TWLW3

SLDNICEIGT D RBHBKREIWIIEE, RELEEZ5XS.

Impact of a; and a3 Impact of Leony - Impact of Lygn Impact of Lsgery Impact of n Impact of p
-~ 1.0 1.00 P 1.0 1.0
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