Theoretical analysis of
two time-scale update rule
for training GANs

Naoki Sato!, Hideaki liduka'
Meiji University

II ‘- II ‘l N Aug.23, 15:55-16:20

ICIAM 2023 TOKYO



Prior knowledge

[I. mini-batch size]
>Training datasets S := (21,22, - , 2y)
>Deep Neural Networks’ parameter 6 € R®
>Empirical risk minimization problem

n

min f(0;9) = Zl@zz— ZZ(H)

OcR®

where, l;(-) := I(+; 2;) is the loss function for the ¢ -th training
data =;.
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Prior knowledge

[1. mini-batch size]

HHEIIlR%fHS Zl@zz— Zl

>Deep learning optimizers are used to solve thlS problem.
>Stochastic Gradient Descent (SGD)

b
d, = -Vfg,( ZG&H

Hn_|_1 .= Hn + Oéndn
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Prior knowledge

[1. mini-batch size]

>Gradient Descent Method
dn : —Vf (Hn)

Hn—l—l — Hn - andn

>Stochastic Gradient Descent (SGD) —
b Gradient
d, : y

= —V/B, (Bn) — 7

1=1
Hn—l—l L= Hn + andn T mini-batch size

N. Sato, “Theoretical analysis of two time-scale update rule for training GANs”



Prior knowledge

[11. Generative Adversarial Networks (GANs)]

Generated image

noise
2— G — G(z)
c R e R4 |
Generator D 0, 1]
:Ij 1 Discriminator
c R?
Real image
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Prior knowledge

[11. Generative Adversarial Networks (GANs)]

Generated image e.g. Stochastic Gradient Descent (SGD)

noise . D 4D
A TS G —— G(z) | Deep Neural
Networks
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Prior knowledge

[11. Generative Adversarial Networks (GAN s)]

Generated image

noise

z— G — G(z)

e R! c R

Generator — D
€T Discriminator
€ R - Real | 1mage énrated mages
Real image

m&n max V(D,G) :=Egllog D(x)] + E.[log(1 — D(G(2)))]
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Prior knowledge

{III Frechet Inceptlon Dlstance (FID)]

Real iage  Generated iages- G\‘enerated mages
(FID=0) (FID=287) (FID=12)
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Introduction

[Background]

>[Heu+17] have shown that a two time-scale update rule (TTUR)
is useful for training Generative Adversarial Networks (GANSs)
in theory and in practice.

>TTUR implies using different learning rates for the generator
and discriminator.

[Heu+17] M. Heusel et al. “GANs Trained by a Two Time-Scale Update Rule Converge to a Local

Nash Equilibrium”. In Advances in Neural Information Processing Systems, volume 30, pp. 6629-6640,
2017.
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Introduction

[Background]
. Generated image e.g. Stochastic Gradient Descent (SGD)
noise Wiyl = Wy + o d?
~ [— G — G(Z) Deep Neural
Networks
e R’ e R4
Generator D 0, 1]

Deep Neural
Networks :I: — Discriminator

Hn-l-l — Hn‘l'@gdg c R? OéG # OéD

e.g. Stochastic Gradient Descent (SGD)

Real image
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Introduction

[Motivation]

>There is no convergence proof for TTUR with constant learning
rates.

>For DNN training, there is a critical batch size that is optimal
for training in terms of computational complexity. [Sha+19]

[Sha+19] C.]. Shallue et al. “Measuring the effects of data parallelism on neural network training.”
Journal of Machine Learning Research, 20:1-49, 2019.
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Introduction

[Contribution]

>We provide convergence for TTUR with constant learning rates.
>We showed that there is a critical batch size for training GANs.
>We also showed that the critical batch size can be estimated.

* Note *

Critical batch size implies the optimal batch size for training in
terms of computational complexity.
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Mathematical Preliminaries

[Definition]
S : A set of synthetic samples 2,
R : A set of real-world samples ().
S, : Mini-batch of b synthetic samples 2% at time 1.
R, :Mini-batch of b real world samples D at time 1 .
Lg) (-,w) : A loss function of the generator for w € R" and Z(i).
LG(', w) : The total loss function of the generator for w € RW.
§ . A random variable that does not depend on w € R"and 0 € R®.
Gec (0) : The stochastic gradient of Lg (-, w) at § € R® .
VLg.s, (0,): The mini-batch stochastic gradient of Lg (6, wy,).
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Mathematical Preliminaries

[Definition]
Generated image
noise
z— G — G(z)
e R’ c R4
0,11 := 0, +ald’ Generator

The loss functlon
La(-,w

Z L(Z)

’S| 1€ES

The mini-batch stochastlc gradlent
Vigs, Z Geo (On)

The loss functlon
Lp(6

The mini-batch stochastlc gradlent

c R?
Real image

o — Wyl = Wy, + aDdD
D —[0,1]

Discriminator
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Mathematical Preliminaries

[Assumptions]
(Sl)Lg)(-, w): R® = R and L%)(H, ): RY = R are
continuously differentiable.
(S2) Let (8, wy,))nen C R® x R"Y be the sequence generated by
an optimizer.
(i) For each iteration n,
Ecc |Gec(0n)] = VoLa(0n, wy), Eep |Gep(wy)| = Vi Lp(0y, wy)
(i) There exist nonnegative constants o, and 0% such that
Fec [||G§,$§ (60n) — VGLG(Hmwn)HQ} < o, Fep [HG&E (wn) — vaD(Hmwn)Hﬂ <o}
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Mathematical Preliminaries

[Assumptions]

(S3) For each iteration 1, the optimizer samples mini-batches
S, C Sand R,, C R and estimates the full gradient VL
and V L D -

1 i
oo 00} Y Ge@0)=) ¥ Sullom,
{i: z0)e8,}

1 i
VLpr, (w,): Z Gep (wn) = - N VWLl (0, w,)
b b] {i: W ER,)
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Mathematical Preliminaries

[Problems]
>Find a pair (6*,w*) € R® x R" satisfying
Vng(H*, 'w*) — 0 and VwLD(H*, w*) = 0.

I

>Find a pair (60*, w*) € R® x R" satisfying
VO € R®, vw € RV .
<9* — 0, Vng(H*, w*)} <
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Mathematical Preliminaries

Algorithm 1 Adaptive Method for Solving Problem (1)

[Prob]em 1] Req:ge; D(af[)é‘eﬁ’ (@7 )nen C Ry, BY,BP € [0,1),
. . . ; ’ © W .G _ )
>Find a pair (6*,w*) € R® x RY ) SREXR mz =0 € B
. . 2: loop
satisfying 3. loop
@ W 4. mg — ﬂ?mf_’}j— (1 — ﬁlc)vLG,Sn (On)
VO € R°, Vw € R" 55 mG = (1-7%"")'mg
. . 4 6  HS €S9, NDO
<0 — 9, VQLG(H , W )> S O7 7: Find d5 € R® that solves HCd = — &
s Oy =0 Cde
<w* —w v L (9* w*)> < O g: endl;:)p e
» VwHD ? — 10:  loop
o 11: mr? = ﬂleE—l (1= 1D)VLD,RH (wn)
[Algorithms] 2l = (1 b im
13: Pe ND
>We use Adam, AdaBelief and 14 Find d? RV that solves HPd =
) 15: Wpy = wy, + 0o, d,
16: end loop
RMSProp. 1% nen+tl
18: end loop
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Theoretical Analysis

[Convergence Analysis]
>Forall @ € R®,all we R andall N > 1,

N
1 ©Dist(0)H 1 | MEa® ¢
~ 2 El(6n—0,VoLc(6n, wy))] < st )G ~+ "G‘Z o + Gf 3 + %M ODist(0)(o¢; + ME)
1 . 2aC 35 . 2[31 G hg' 251 o hg' 1
2; BG (;;
N D D 2 D D
1 WDist(w)H” 1 aGa 1 MDa i )
— Y E[{w, —w,VuLla(0,,w,))] = — + -+ + —=—+/WDist(w)(c% + M32)
N; [< G( )>] CkDﬁl N 2/61 DQhD b 261 DQhD f)\/ D D

\ . 7 ) ,
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Theoretical Analysis

[Relationship between b and V]
>Forall @ € R®,all we R andall N > 1,

N
1 ODist(@)HE 1 209 1 M2a“ G
— N E[(0, - 0, VeLa(Onw,))] < —— O)H" 1 | et o 6% OL JoDist(8) (0 + M2)
N 2008¢ N 2pG3G*RG b 28G5G7 R BE

Ag Bg Ca
— small

N . D 2 . D 2 D D
1 WDist(w)H” 1 loFate’ 1 M# o
N ZE [(w,, — w, Vi La(0,, w,))] < () — 4+ —=C -+ 2 + =2 \/WDlst(w)(a% + M3%)

n=1

22080 N 2pPAD*RD b opbyDRD gD

. 7/ G / J

AD BD C’D
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Theoretical Analysis

[Relationship between b and V]
>Forall@ ¢ R® all w e R",andall N > 1,

N
1 ©Dist(0)H 1 | MEa® ¢
— N E[(0, - 0, VeLa(Onw,))] < —— OH 1 oge” 1, Mga®  J \/©Dist(6)(o% + M)
N — QOzGBf; N 251 GQhG b 25?,7622%?;* f

Ao Bo Co
.2

N D D 2 D D
1 WDlst( )H 1 aGa 1 MDa i )
— Y E[{w, —w,VuLla(0,,w,))] = — + -+ + —=—+/WDist(w)(c% + M32)

\ . 7 ) ,
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Theoretical Analysis

[Relationship between b and V]

>Suppose that the generated images achieves a low FID and the
GAN’s training has been completed.

>Let eg, ep > 0 be sufficiently small positive numbers such that,
AG BG 9 AD Bp _ 2
N, +— + Ce = €g, N +— + Cp = €p
i.e.
Agb . ADb
(4, — Cg)b— Bg’ Np(b) = (¢4, — Cp)b— Bp

>We see that Ng(b) and Np(b) are monotone decreasing and
convex with respect to b.

Ng(b) =
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Theoretical Analysis

[Existence of a Critical Batch Size]

>Stochastic First-Order Oracle (SFO) complexity is a
computational complexity.
>SFO can be defined by N (b)b .

Agh? Apb?
Np(b)b =
(€2, — Ca)b— Bg’ p(b) (2, — Cp)b— Bp

Ne(b)b =

>We see that N (b)b and Np(b)b are convex function.
>Also, there exists a b* minimizing N (b)b,

2Bc_ . _ _2Bp

by, = :
G E%;—CG, b 6%—01)
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Theoretical Analysis

[Estimation of the Critical Batch Size]

>The lower bound of b* can be expressed as follows
(i) for Adam, 2 G

b, > G =
G 1
GG (1 — 51 )3\/1_I32G EIE

(ii) for AdaBelief, 2 G
b, > O'g Q
€G (1 — 5?)3\/1fg§? |5}|2
(ii1) for RMSProp, 0% a“
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Theoretical Analysis

[Estimation of the Critical Batch Size]
>The lower bound of b* can be expressed as follows

(i) for Adam, o e
G = 3 G\3 © 1
G (1=57) \/1—[35 5T
[Notation]
o : the learning rate for the Generator

57, 65 : parameters for the adaptive optimizer
© : the dimensions of the Generator model
S| : the number of items in the datasets
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Theoretical Analysis

[Estimation of the Critical Batch Size]

>The lower bound of b* can be expressed as follows
(1) for Adam, 2 e
b > = =
‘G (1 — 5?)3\/1_55 |5}|2

>This indicates that it is possible to estimate the critical batch
size specific to the model-dataset-optimizer combination.
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Numerical Results

>Training DCGAN on the LSUN-Bedroom dataset
>Training WGAN-GP on the CelebA dataset
>Training BigGAN on the ImageNet dataset

N

_.

. =) - v i ==

>LSUN- Bedroom dataset  [>CelebA dataset >ImageNet dataset
>Bedroom images [>Human face images >1000-class images
>64 X 64 size >64 X 64 size >256 X 256 size
>Nearly 3 million images >About 170,000 images >About 1.28 million images
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Numerical Results

>Training DCGAN on the LSUN-Bedroom dataset (Section 4.1)
>Training WGAN-GP on the CelebA dataset (Section 4.2)

>Training BigGAN on the ImageNet dataset (Section 4.3)

Table 2. Parameters used to train GANSs
Section 4.1 Section4.2 Section 4.3

the dimensions of the Generator model — © 3,576,704 3,576,704 70,433,795
the dimensions of the Discriminator model - W 2,765,568 2,765,568 87,982,369
the number of items in the datasets — | S| 3, 033,042 162,770 1,281,167

Training Training Training
DCGAN WGAN-GP BigGAN
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Numerical Results

[Relationship between b and V]

Aab
Nea(b) =
G( ) (6% —Cg)b—BG

>From our theory, Ng(b) is monotone decreasing and convex
with respect to b.

> N¢(b) is the number of steps required for training to converge.

2

N¢(b) is the number of steps required to achieve a sufficiently
low FID.
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Numerical Results

[Relationship between b and V]
>Training DCGAN on the LSUN-Bedroom dataset

FID score:DCGAN/LSUN-Bedroom/Adam/b=64 FID score:DCGAN/LSUN-Bedroom/AdaBelief/b=64 FID score:DCGAN/LSUN-Bedroom/RMSProp/b=64

- 300 - 400
I-fl') B 250 [T}
—
e - 350
o . - 250
g o - 234 71 61 48
oo - 300
L T}
: : - 200
< 5
I 150 < 200
w 1
b 3 79 57 63 79 150
T]I,.J 125 - 150
™ o
100 100
3 5 100
N ()]
75 n
' . 50 50
le5  3e5 5e—59 hﬂle'4 3e-4  Se-4 le5 3e5 5e5 led 3ed le5 3e-5 5e5 led4 3ed  Se-d
_ g lr
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Numerical Results

[Relationship between b and N ] FID vs N graph
>Training DCGAN on the Bedroom dataset

DCGAN on the LSUN-Bedroom dataset

400 A — Adam
—— AdaBelief
350 - —— RMSProp

300 A

250 A

FID

200 A

150 ~

100 A

50 A

Generated images by Adam

6 50600 100|000 150|000 200|000 250|000 (FID=54)
steps
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Numerical Results

[Relationship between b and V]

Aab
Nea(b) =
G( ) (6% —Cg)b—BG

>From our theory, Ng(b) is monotone decreasing and convex
with respect to b.

> N¢(b) is the number of steps required for training to converge.

2

N¢(b) is the number of steps required to achieve a sufficiently
low FID.
U

N¢(b) is the number of steps required to achieve FID = 70.
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Numerical Results
[Relationship between b and V]

>Training DCGAN on the LSUN-Bedroom dataset
- . -®- Adam
\\ -®- AdaBelief
106 l\ N -®- RMSProp
. N vs b graph
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Numerical Results

[Relationship between b and V]
>Training WGAN-GP on the CelebA dataset

FID score:WGAN-GP/CelebA/Adam/b=64 300

- 202 182 236 234 312 344

- 250

.ﬂn... -
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3e-4

5e-4

=
©

3e-4 le-4 5e-5 3e-5 le-5

5e-4
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Numerical Results

[Relationship between b and V] FID vs N graph
>Training WGAN-GP on the CelebA dataset
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Numerical Results

[Relationship between b and V]
>Training DCGAN on the LSUN-Bedroom dat

aset
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Numerical Results

[ Existence of a Critical Batch Size ]
Ab?
(6%; — Cg)b — BG

>From our theory, SFO can be defined by N¢(b)b.
>Also, Ng(b)b is a convex function.

Ne(b)b =
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SFO

Numerical Results

[ Existence of a Critical Batch Size ]

>Training DCGAN on the LSUN-Bedroom dataset
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Numerical Results

[ Estimation of the Critical Batch Size ]

>From our theory, Adam’s the lower bound of critical batch size
can be expressed as follows

T a®
e = 3 G o 1
‘G (1 o 61 )3\/1_52G [ST2
9 0.0001

= 3
€ 053 3576704 1
G (1-05)%x \/1—0.999 X 3033042

>From the measured critical batch size; 2°, the 0% /¢ can be
back-calculated as follows

0 /et < T88.7.
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Numerical Results

[ Estimation of the Critical Batch Size ]
02 /et < T88.7.

>Using this ratio, we can estimate other optimizer’s critical
batch size.

>For example, for AdaBelief in training DCGAN,

b = T88.7 X 0.4003(:'):?6704 1
(1 —-0.5)3 x \/ =099 ¥ 3033083

~ 47.9
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Numerical Results

SFO

[ Estimation of the Critical Batch Size ]

Nb vs b graph
>Training DCGAN on the LSUN-Bedroom dataset
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Numerical Results

[ Estimation of the Critical Batch Size ]
02 /e < T88.7.

>Using this ratio, we can estimate other optimizer’s critical
batch size.

>Moreover, this ratio can be appropriated for another GAN’s
training, as long as the model used is the same.

>For example, for Adam in training WGAN-GP on the CelebA
dataset, 0.0001

b = T88.T 3576704 1
(1-0.5)% X \/1_0.999 X 3033042

~ 1.7
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Numerical Results

[ Estimation of the Critical Batch Size ]

>Training WGAN-GP on the CelebA dataset ~Measured
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Numerical Results

108 1

SFO

4 %107 {

3x 107 1

[Training BigGAN on the ImageNet dataset]
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Conclusion

>We performed a theoretical analysis of TTUR with constant
learning rates.

>We examined the relationship between /N and b .

>We showed that there is a critical batch size minimizing the
SFO complexity.

>We also showed that we can estimate the critical batch size
specific to the model-dataset-optimizer combination.

>Our experiments showed that the estimated and measured
critical batch size are close.
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