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Prior knowledge
【I. mini-batch size】
▷Training datasets   
▷Deep Neural Networks’ parameter 
▷Empirical risk minimization problem

where,                          is the loss function for the   -th training 
data      . 
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▷Deep learning optimizers are used to solve this problem.
▷Stochastic Gradient Descent (SGD)
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Prior knowledge
【I. mini-batch size】
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▷Stochastic Gradient Descent (SGD)

▷Gradient Descent Method
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Prior knowledge
【II. Generative Adversarial Networks (GANs)】
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Prior knowledge
【III. Fréchet Inception Distance (FID)】

N. Sato, “Theoretical analysis of two time-scale update rule for training GANs”

Real images
(FID=0)

Generated images
(FID=287)

Generated images 
(FID=12)



Introduction
【Background】
▷[Heu+17] have shown that a two time-scale update rule (TTUR) 

is useful for training Generative Adversarial Networks (GANs) 
in theory and in practice.
▷TTUR implies using different learning rates for the generator 

and discriminator.
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[Heu+17] M. Heusel et al. “GANs Trained by a Two Time-Scale Update Rule Converge to a Local 
Nash Equilibrium”. In Advances in Neural Information Processing Systems, volume 30, pp. 6629–6640, 
2017. 
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【Motivation】
▷There is no convergence proof for TTUR with constant learning 

rates.
▷For DNN training, there is a critical batch size that is optimal 

for training in terms of computational complexity.  [Sha+19]

[Sha+19] C.J. Shallue et al. “Measuring the effects of data parallelism on neural network training.” 
Journal of Machine Learning Research, 20:1–49, 2019. 



Introduction
【Contribution】
▷We provide convergence for TTUR with constant learning rates.
▷We showed that there is a critical batch size for training GANs.
▷We also showed that the critical batch size can be estimated.

＊Note＊
Critical batch size implies the optimal batch size for training in 
terms of computational complexity.
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Mathematical Preliminaries
【Definition】

:  A set of synthetic samples        .
:  A set of real-world samples         .
: Mini-batch of     synthetic samples         at time     .
:Mini-batch of     real world samples         at time     .

: A loss function of the generator for                 and         .
: The total loss function of the generator for                 .

: A random variable that does not depend on                 and               . 
: The stochastic gradient of                   at                .

: The mini-batch stochastic gradient of                         .
N. Sato, “Theoretical analysis of two time-scale update rule for training GANs”
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Mathematical Preliminaries
【Assumptions】
(S1)                                       and                                        are

continuously differentiable.
(S2) Let                                                  be the sequence generated by 

an optimizer.
(i) For each iteration     ,

(ii) There exist nonnegative constants        and       such that
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Mathematical Preliminaries
【Assumptions】
(S3) For each iteration     , the optimizer samples mini-batches

and                   and estimates the full gradient
and            . 
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Mathematical Preliminaries
【Problems】
▷Find a pair satisfying 
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Mathematical Preliminaries

【Algorithms】
▷We use Adam, AdaBelief and 

RMSProp.
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【Problem 1】
▷Find a pair

satisfying 
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Theoretical Analysis
【Convergence Analysis】
▷For all              , all                , and all              , 
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Theoretical Analysis
【Relationship between    and     】
▷Suppose that the generated images achieves a low FID and the 

GAN’s training has been completed.
▷Let                      be sufficiently small positive numbers such that,

i.e.
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Theoretical Analysis
【Existence of a Critical Batch Size】
▷Stochastic First-Order Oracle (SFO) complexity is a 

computational complexity.
▷SFO can be defined by            .
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Theoretical Analysis
【Estimation of the Critical Batch Size】
▷The lower bound of      can be expressed as follows

(i) for Adam,

(ii) for AdaBelief,

(iii) for RMSProp,
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Theoretical Analysis
【Estimation of the Critical Batch Size】
▷The lower bound of      can be expressed as follows

(i) for Adam,

【Notation】
：the learning rate for the Generator
：parameters for the adaptive optimizer

：the dimensions of the Generator model
：the number of items in the datasets

N. Sato, “Theoretical analysis of two time-scale update rule for training GANs”

<latexit sha1_base64="bjkKdZBhRInGIxthbI9MJOPPY1c="></latexit>

b?G � �2
G

✏3G

↵G

(1� �G
1 )3

q
⇥

1��G
2

1
|S|2

<latexit sha1_base64="swsxVdJpXmw8m3L5fCMS6gRG5Lk="></latexit>

b?

<latexit sha1_base64="j+87dCrP5huXm/DO9SFd3AX93QY="></latexit>

↵G
<latexit sha1_base64="ULn4215UQpQwqiDBh9Q1ic0i8gM="></latexit>

�G
1 ,�G

2
<latexit sha1_base64="Qk66uMITFz2vx5RltHHfMFT77NQ="></latexit>

⇥
<latexit sha1_base64="tvCmd7U2onwXaUjJ+XUXuD8jlxE="></latexit>

|S|



Theoretical Analysis
【Estimation of the Critical Batch Size】
▷The lower bound of      can be expressed as follows

(i) for Adam,
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▷This indicates that it is possible to estimate the critical batch 
size specific to the model-dataset-optimizer combination.



Numerical Results

N. Sato, “Theoretical analysis of two time-scale update rule for training GANs”

▷Training DCGAN on the LSUN-Bedroom dataset
▷Training WGAN-GP on the CelebA dataset
▷Training BigGAN on the ImageNet dataset 

▷LSUN- Bedroom dataset
▷Bedroom images
▷64×64 size
▷Nearly 3 million images

▷CelebA dataset
▷Human face images
▷64×64 size
▷About 170,000 images

▷ImageNet dataset
▷1000-class images
▷256×256 size
▷About 1.28 million images



Numerical Results

N. Sato, “Theoretical analysis of two time-scale update rule for training GANs”

▷Training DCGAN on the LSUN-Bedroom dataset (Section 4.1)
▷Training WGAN-GP on the CelebA dataset (Section 4.2)
▷Training BigGAN on the ImageNet dataset (Section 4.3) 

the dimensions of the Generator model →

the dimensions of the Discriminator model →
the number of items in the datasets →

Training
DCGAN

Training
WGAN-GP

Training
BigGAN



Numerical Results
【Relationship between    and     】
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Numerical Results
【Relationship between    and     】
▷Training DCGAN on the LSUN-Bedroom dataset

N. Sato, “Theoretical analysis of two time-scale update rule for training GANs”

<latexit sha1_base64="fbCiLlWDQWvYZQIUwXhl5A/rzNQ="></latexit>

b
<latexit sha1_base64="zFKTH816WqrfZfC1HBWqpBtr2U8="></latexit>

N



FID vs N graph

Numerical Results
【Relationship between    and     】
▷Training DCGAN on the Bedroom dataset
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Numerical Results
【Relationship between    and     】
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Numerical Results
【Relationship between    and     】
▷Training DCGAN on the LSUN-Bedroom dataset
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Numerical Results
【Relationship between    and     】
▷Training WGAN-GP on the CelebA dataset
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Numerical Results
【Relationship between    and     】
▷Training WGAN-GP on the CelebA dataset
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Numerical Results
【Relationship between    and     】
▷Training DCGAN on the LSUN-Bedroom dataset
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Numerical Results
【 Existence of a Critical Batch Size 】
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▷From our theory, SFO can be defined by             .            
▷Also,              is a convex function. 
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Numerical Results
【 Existence of a Critical Batch Size 】
▷Training DCGAN on the LSUN-Bedroom dataset
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▷Measured
▷Adam:
▷AdaBelief:
▷RMSProp:
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Numerical Results
【 Estimation of the Critical Batch Size 】
▷From our theory, Adam’s the lower bound of critical batch size 

can be expressed as follows

▷From the measured critical batch size;     , the            can be 
back-calculated as follows
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Numerical Results
【 Estimation of the Critical Batch Size 】

▷Using this ratio, we can estimate other optimizer’s critical 
batch size. 
▷For example, for AdaBelief in training DCGAN,
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Numerical Results
【 Estimation of the Critical Batch Size 】
▷Training DCGAN on the LSUN-Bedroom dataset
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▷Estimated
▷Adam:
▷AdaBelief:
▷RMSProp:
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▷Measured
▷Adam:
▷AdaBelief:
▷RMSProp:
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Numerical Results
【 Estimation of the Critical Batch Size 】

▷Using this ratio, we can estimate other optimizer’s critical 
batch size. 
▷Moreover, this ratio can be appropriated for another GAN’s 

training, as long as the model used is the same.
▷For example, for Adam in training WGAN-GP on the CelebA 

dataset,
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Numerical Results
【 Estimation of the Critical Batch Size 】
▷Training WGAN-GP on the CelebA dataset
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▷Measured
▷Adam:
▷AdaBelief:
▷RMSProp:
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▷Estimated
▷Adam:
▷AdaBelief:
▷RMSProp:
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Numerical Results
【Training BigGAN on the ImageNet dataset】
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▷Measured
▷Adam:
▷AdaBelief:

▷Estimated
▷Adam:
▷AdaBelief:
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Conclusion
▷We performed a theoretical analysis of TTUR with constant 

learning rates.
▷We examined the relationship between      and     .
▷We showed that there is a critical batch size minimizing the 

SFO complexity.
▷We also showed that we can estimate the critical batch size 

specific to the model-dataset-optimizer combination.
▷Our experiments showed that the estimated and measured 

critical batch size are close.
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